Abstract. We approximate the Stokes operator on an exterior domain in three dimensions by a truncated problem on a finite subdomain. A third-order artificial boundary condition is introduced. We discuss the approximating behavior of the truncated problem and its discretization in a finite element space. Combined errors arising from truncation and discretization are considered.
We refer the reader to [9] , [10] , [11] , [13] for the properties of these spaces. lVm'a(Q) is a Hilbert space equipped with the inner product (u,v)",a;a= E If (f + Sy-^D'uD 'vdx) and norm HL,«;0= [(">")m,«;fl]1/2-We let Wm~j~l/'2(8Qi), j -1,...,m -1, denote the trace spaces on the boundary 5ß, and we use the notation Wm-a(Q) to denote the completion of Q°(ß) in the Il ' IL o-«-We also use the notation of W~m~a(Sl) to denote the dual spaces of Wm-a(ü) with duality pairing denoted by The Stokes problem will be denoted in the sequel by the continuous problem as given by with the support of f compact in ß. In [9] , [11] , problem (1.1)-(1.4) has been posed variationally on the weighted Sobolev spaces defined above. For the details of the proof we refer the reader to these references. Thus, we state the existence theorem. It is important to point out at this stage that the use of higher-order boundary operators can only be associated to smoother solutions at the artificial boundary 5ßÄ, so that the artificial boundary condition at 8tiR could be interpreted in the sense of trace spaces of Lions [15] . This is the case if f has a compact support in ßR or f is smooth enough for R > R0. This is provided in Section 2. In order to derive the approximating properties of the truncated problem, we will need the following estimates. 
(1.14) ll«IU+i/2,-s+i;Safi = 0(/ra + 1/2), s>l/2. D Remark. As pointed out in [10] , the result (1.11) can be shown for s integer, then proceed by interpolation for any s > 0. Then, using a similar argument for the trace spaces, (1.13) can be shown. Finally, (1.12) and (1.14) can be shown by duality arguments. In the following sections we will derive the third-order boundary operator in spherical coordinates, obtain the variational formulation of "the truncated problem" and obtain error estimates relating the solutions of the truncated problem and the solution of the continuous problem on the domain ßÄ. Finite element approximations of the truncated problem are discussed in detail in [10] and [11] ; so we conclude the work with combined error estimates. A«ç + 2 our 2cos0 ou$ + rr0 3<P + 1 dp
Using (2.4) and (2.1), we eliminate the presence of ue and u^ to get (2.5) dp .
du, dr
At this stage, it is essential to point out that Eq. (2.5) uncouples the velocity in the radial r direction from the velocities in the tangential 0 and <p directions. It will be seen later that Eq. (2.5) will simplify the variational formulation of the problem. 
Remark. The proof is a direct consequence of the asymptotic expansion of both the velocity and pressure fields [14] . Since conditions (2.7) and (2.8) are similar to the scalar case [12] , we proceed also to give a brief explanation of the way the boundary operator (2.6) is generated. It is known Finally, the terms du, r P-jf+2 dp d2u, or d2r
= 0(R->).
du, 2 , ,, 2^ + -u, = 0(R3) dr r have been added for the sole purpose of eliminating the normal derivative of the radial velocity contribution at the large boundary 8QR in the variational formulation. D
We simplify (2.6), using (2.5), to obtain Pdu, dr dp d2u, dr or2
Aur+ --tt^ + -u. Remark. Any distance r on the boundary 8QR in the last expression can be replaced by R, since we are dealing with a sphere of radius R. The variational formulation is of the Brezzi type [3] . We need to verify the conditions for which a solution exists, namely the coercivity condition on A(-, ■) and the stability condition on b(-, ■). The coercivity of A(-, ■) is considered in the following lemma. where K denotes a simplex in R3. Let h(K) be defined to be the maximum length of an edge belonging to the simplex Â^ and let h be defined to be h = max h(K).
Kerh
In [10] , [11] it has been shown that the finite element approximation in the weighted spaces has qualitative properties similar to the results obtained for the Stokes problem in bounded domains. We refer the reader to the references [2] , [5] , [6] , [7] for proper choices of stable pairs of finite element spaces for the velocity and pressure, respectively. Let Vh and Sh denote finite-dimensional subspaces [W^ß«)]3 and L2(ßÄ), respectively. Let Th denote the trace space of Vh on 5ßR. Define Z" to be the null space associated with the form b(■, ■), given by Z" = K" e Vh\b(q,h,y,h) = 0Vq,h e S"}.
The variational form of the discrete problem is now given by:
Seek (u,h, p,h) e Vhx Sh such that The assumptions (Al, A3, A4) were needed for lower-order artificial boundary operators and have been discussed in [10] , [11] . Also, Assumption (A2) can be easily verified using the methods in [10] , [11] and then the isomorphism between Wm+1-a(8tiR) and Wm+1-ß(8QR) [13] . We can now state the following theorem. 2. Combined Error Estimates. As in [10] , [11] , we now combine the error estimates due to truncation and discretization. Theorem 3.2. There exists a constant C independent of h and R such that (3.3) {l|uÄ"-u||1,0;aÄ+||Jp«"-/'||o,o;aR)<C{/2'" + /?-2-5}, with m depending on the choice of the finite element spaces used in the discretization of the truncated problem. D Finally, it is essential to point out for two-parameter approximations that the balance between the truncation error and the discretization error should be maintained for the optimality of the approximation [8] . As a consequence, larger simplices can be used in the far field, instead of using a quasiuniform mesh, and thus achieving the same accuracy with a lower number of degrees of freedom.
